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Abstract
We propose a new direction-dependent model for the unilateral constraint in-
volved in the phase field approach to fracture and also in the continuous damage
mechanics models. The construction of this phase field model is informed by
micromechanical modeling through the homogenization theory, where the repre-
sentative volume element (RVE) has a planar crack in the center. The proposed
model is made closely match the response of the RVE, including the friction-
less self-contact condition. This homogenization approach allows to identify a
direction-dependent phase field model with the tension-compression split ob-
tained from cracked microstructures. One important feature of the proposed
model is that unlike most other models, the material degradation is consistently
determined without artificial assumptions or ad hoc parameters with no physical
interpretation, thus, a more realistic modeling is resulted. With standard tests
such as uniaxial loadings, three-point bending, simple shear, and through-crack
tests, the proposed model predicts reasonable crack paths. Moreover, with the
RVE response as a benchmark, the proposed model gives rise to an accurate
stress-strain curve under shear loads, more accurate than most existing models.
Keywords: Phase field approach to fracture, Variational theory of fracture,
Micromechanics, Homogenization theory, Unilateral constraint
1. Introduction
The prediction of failure mechanisms due to crack initiation and propagation
in solids is of great significance for engineering applications. Griffith’s theory
[1] provides a criterion for crack propagation but it is unable to predict crack
initiation, merging, and branching.5
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Based on the Griffith’s theory [1], Francfort and Marigo [2] proposed a vari-
ational theory of fracture and Bourdin et al. [3] regularized this theory for
numerical computation, the outcome of which is also named the phase field ap-
proach to fracture. The phase field modeling of brittle fracture has shown its
advantages on simulating complex fracture processes, see [3, 4, 5].10
One of the main challenges in phase field modeling is how to account for
the unilateral constraint in material degradation. The original model pro-
posed in [3] adopts an isotropic response of the cracked solid, i.e., it assumes
that both tension and compression loads contribute to cracking. This leads
to unphysical crack propagation under a compressive load. With the need of15
direction-dependent material degradation, a number of models have been de-
veloped. Early models that do distinguish tension vs. compression were those
proposed in [4], [5], and [6]. Amor et al. [4] built their model based on the
volumetric-deviatoric (V-D) split of the strain tensor, while Miehe et al. [5]
based their model on the spectral decomposition of the strain tensor. Around20
roughly the same time, Freddi and Royer-Carfagni [6] proposed a V-D split for
masonry-like materials that accounts for the Poisson effect. The V-D split [4]
and the spectral decomposition [5] are both widely used. However, it is well
known that in certain tests, unphysical predictions are resulted, e.g. bending
test with the V-D split and through-crack shear test with the spectral decom-25
position. It is also noted that a nonvariational formulation of the V-D split is
proposed in [7]. This model preserves the linearity of the symmetric mechanical
behavior, and provides more realistic crack propagation at compressive loads,
though a modified evolution equation is used for the phase field variable.
Recently, more sophisticated models based on the local crack orientation30
were proposed. For example, in the two models by Strobl and Seelig [8, 9], the
crack orientation is assumed to coincide with the local gradient direction of the
phase field. Note that both models are variationally inconsistent, thus, they
need to introduce ad hoc criteria for the evolution of phase field, as opposed
to variationally consistent models following energy minimization. In the model35
proposed by Steinke and Kaliske [10], a crack coordinate system is introduced to
represent the local crack orientation, and the split is based on the decomposition
of the stress tensor with respect to the said crack orientation. Wu et al. [11]
utilized a positive/ negative projection based on the spectral decomposition to
model the unilateral behavior, where the crack orientation is assumed to be the40
principal direction of the effective stress tensor. This model is expected to share
the same disadvantage as those employing the spectral decomposition.
In summary, in these models to-date, the crack state is approximately iden-
tified by the definition of an artificial condition, e.g., sign of volumetric strain,
principal strain/ stress, or crack normal stress. In addition, the decomposition45
of strains and stresses into crack-driving and persistent portions are somehow
artificially introduced into these models, which can lead to predicting unrealistic
crack propagation and mechanical behavior.
In 2018, Cheng [12] and Cheng and Shen [13] proposed an innovative model
for the unilateral constraint involved in the phase field approach for brittle50
fracture for a two-dimensional case. Through homogenization techniques, a
2
link is established between the cracked microstructures and the corresponding
macroscopic phase field model. For this purpose the authors built the model
with inspiration by Dascalu et al. [14]. The main feature of this approach
is that as the constitutive model is based on the RVE response, no artificial55
condition or material parameter is introduced into the model, unlike for the
aforementioned split models. In this way, the constitutive model is obtained
either with analytical expressions or by numerical fitting.
We note that independently, Storm et al. [15] constructed a homogenization
framework for their phase field model in a somewhat similar way.60
This paper is a continuation of [13]. We present a three-dimensional phase
field formulation, which allows deriving a variationally consistent direction-
dependent material degradation. More precisely, we model the macroscopic
crack as a collection of microscopic cracks, each located in the center of a very
small volume element, which is called a representative volume element (RVE),65
as in the homogenization theory. Then the behavior of each RVE is obtained
through a detailed analysis, in particular with the frictionless self-contact condi-
tion exactly enforced. The overall behavior of the RVE is then used to construct
the phase field model.
The proposed model is subjected to a number of simple tests and compared70
with a few existing models. In the uniaxial compression test, three-point bend-
ing test, and simple shear test, the proposed model behaves similarly as the
spectral decomposition model [5]. In the through-crack shear tests, it is well
known that the spectral model responds in an unreasonable way, i.e., the ma-
terial does not break completely across the crack. The proposed model avoids75
such phenomenon, as does the V-D split model [4].
Another feature is the response of the proposed model in the case of a non-
through crack subjected to shear tests. In such tests, the proposed model pre-
dicts a response very close to the RVE analysis, and it is the only one that
provides such uniformly accurate result. One reason that enables such accurate80
prediction is that the model has not only a tensile term and a compressive term,
but also a shear term, of which both the tensile and shear terms will be degraded
by the phase field, but to different degrees. While the degradation function for
tensile tests is pre-selected, that for shear is obtained by fitting. Moreover, the
fitted expression has an explicit dependence on the Poisson ratio.85
One restriction of the model is that the formulation is obtained for isotropic
linear elasticity, though generalization to anisotropy or finite elasticity is possi-
ble.
The content of the paper structured as follows. In Section 2, a number of
existing models are recapitulated. In Section 3, the construction of the proposed90
phase field model is introduced in detail. In Section 4, several numerical exam-
ples are tested and results from existing models are compared with the proposed
model. It is found that only the proposed model gives an accurate response in
all such simple tests, with a benchmark as a more detailed and costly three-
dimensional RVE. Finally, a summary of the features of the proposed model is95
presented in Section 5.
3
2. Existing phase field models
In this section, essential ingredients of a few phase field models are recapit-
ulated and compared, with a focus on the tension-compression decomposition.
Most phase field approaches to brittle fracture are based on the variational
theory of fracture proposed in [2], which in turn is built on the theory of brittle
fracture by [1]. In the framework of [2], of central importance is the following
energy functional:
Π (u,Γ) =
∫
Ω
Ψ0 (ε(u)) dΩ +
∫
Γ
gc ds,
where Ω ⊂ Rn, n = 2, 3, is the domain occupied by the material at the initial
configuration, Γ is the crack path, gc is the energy release rate of crack propaga-
tion, and Ψ0 denotes the strain energy density of the (pristine) material, which
is a function of the strain tensor ε(u) = [∇u+(∇u)T ]/2. For an isotropic linear
elastic material, the expression of Ψ0 reads
Ψ0 (ε) =
λ
2
(tr ε)
2
+ µε : ε,
where λ and µ are Lame´ constants such that µ > 0 and λ+ 2µ > 0.100
In order to construct a numerical simulation method for the variational the-
ory of fracture, [3] put forward a regularized formulation, in which the functional
Π is regularized as Πl:
Πl [u, d] :=
∫
Ω
Ψ [ε (u) , d] dΩ +
gc
2
∫
Ω
(
d2
l
+ l |∇d|2
)
dΩ,
which is a functional of the displacement field u and the phase field d, see Figure
1. Here l is a regularization length scale parameter. Note that for d we adopt a
convention opposite to that of [3], i.e., d = 1 in this manuscript represents the
crack and d = 0 pristine material.
For generality, we let tN denote the traction field applied on ΓN ⊂ ∂Ω and
b the body force field, then the expression of Πl is modified to be
Πl [u, d] =
∫
Ω
Ψ [ε (u) , d] dΩ−
∫
ΓN
tN ·u dΓ−
∫
Ω
b·u dΩ+gc
2
∫
Ω
(
d2
l
+ l |∇d|2
)
dΩ.
(1)
We particularly focus on the strain energy density term Ψ (ε, d). Once Ψ is
decided, the Cauchy stress tensor is given by
σ(ε, d) =
∂Ψ
∂ε
,
and the driving force for the evolution of d is given by −∂Ψ/∂d.105
The requirements on Ψ are:
4
Figure 1: Comparison of a sharp crack and its phase field representation. The
left figure illustrates the sharp crack model; the right figure shows the phase field
representation of the crack through a smooth transition area, in which the phase
field variable is between 0 and 1. The phase field is one of the arguments in the
regularized variational theory of fracture, also named the phase field approach
to fracture.
1. Ψ(ε, d = 0) = Ψ0(ε).
2. Ψ(ε, d) ≥ 0 for all ε and d.
3. ∂Ψ(ε, d)/∂d ≤ 0, for all ε and d.
2.1. Models not taking into account the local crack orientation110
General expression of Ψ(ε, d). In most models to follow, Ψ(ε, d) takes the fol-
lowing form:
Ψ(ε, d) = g(d)Ψ+(ε) + Ψ−(ε),
where Ψ+ and Ψ− are the crack-driving and persistent parts of the strain energy
density, respectively, and g(d) is the degradation function, often taken as g(d) =
(1−d)2+k, with k a small positive number merely to prevent the tangent stiffness
matrix of the system from being singular.
The Cauchy stress is thus given by
σ(ε, d) = g(d)σ+ + σ−, σ± :=
∂Ψ±
∂ε
.
The evolution equation for the phase field variable follows from the mini-
mization principle of Πl, i.e.,
∂Ψ
∂d
+ gc
(
d
`
− `∇d
)
= 0. (2)
The split models constructed on the basis of this evolution equation are varia-115
tionally consistent.
We next proceed to examine three models.
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The isotropic model proposed by [3]. In the formulation of [3], the degraded
strain energy density Ψ is expressed as the entire strain energy density of the
unbroken material Ψ0 multiplied by the degradation function g(d). More pre-
cisely,
Ψ(ε, d) = g(d)Ψ0(ε),
σ(ε, d) = g(d)[λ(tr ε)1 + 2µε],
∂Ψ
∂d
= g′(d)Ψ0(ε).
As well known, since the degradation function is applied to the entire Ψ0, this
model does not distinguish the fracture behavior between tension and compres-
sion, resulting in unphysical results when the crack is subjected to compressive120
or shear loads.
The V-D (volumetric-deviatoric) decomposition model proposed by [4]. This
model splits the strain energy density into volumetric and deviatoric parts:
Ψ0(ε) = Ψ+(ε) + Ψ−(ε), where
Ψ+(ε) =
K
2
〈tr ε〉2+ + µ ‖dev ε‖2 ,
Ψ−(ε) =
K
2
〈tr ε〉2−,
σ(ε, d) = g(d) (K〈tr ε〉+1 + 2µdev ε) +K〈tr ε〉−1,
∂Ψ
∂d
= g′(d)
(
K
2
〈tr ε〉2+ + µ ‖dev ε‖2
)
,
where K = λ+2µ/3 is the bulk modulus, dev ε := ε− (1/3)(tr ε)1, and 〈a〉± :=
(a±|a|)/2. This split is based on the assumption that the strain energy resulting
in the decrease of the local volume will not be degraded.
The spectral decomposition model proposed by [16]. In this model, the split is
based on the spectral decomposition of the strain tensor. Let {εa}3a=1 be the
principal strains and {Ea}3a=1 be the corresponding orthonormal principal di-
rections. The expressions are as follows:
Ψ±(ε) =
λ
2
〈tr ε〉2± + µ
3∑
a=1
〈εa〉2±,
σ± (ε) = λ〈tr ε〉±1 + 2µ
3∑
a=1
〈εa〉±Ea ⊗Ea,
∂Ψ
∂d
= g′(d)
(
λ
2
〈tr ε〉2+ + µ
3∑
a=1
〈εa〉2+
)
.
Related models in damage mechanics. The last two splits can trace their roots125
in the damage mechanics community. For example, the split adopted by in [4]
is similar to that by [17], while the decomposition proposed in [16] is similar to
the formulations of [18, 19, 20, 21].
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The anisotropic model proposed by [11]. In this model, Wu et al. utilized a
positive/negative projection based on the spectral decomposition. The spectral
decomposition of the effective stress is
σ = λ(tr ε)1 + 2µε,
σ =
3∑
i=1
σipi ⊗ pi = σ+ + σ−,
σ± =
3∑
i=1
σ±i pi ⊗ pi,
where σi and pi represent the ith, i = 1, 2, 3, eigenvalue and eigenvector of the
effective stress σ, respectively. The principal values σ+i are determined as
σ+1 = 〈σ1〉,
σ+2 = 〈max(σ2, ν˜σ1)〉,
σ+3 = 〈max[max(σ3, ν(σ1 + σ2)), ν˜σ1]〉,
where ν˜ := ν/(1− ν).
2.2. Models with the local crack orientation taken into consideration130
The SS models proposed by [8, 9]. [8, 9] proposed two models, which we will
refer to as SS1 and SS2 models. In these models, the expression of σ in terms
of ε depends on the local crack orientation, which could be either the “active”
case or the “passive” case. The local crack orientation is given by n = ∇d/|∇d|.
Also the authors define N = n⊗ n. Both models take the following form:
σ =
{
σact, if ε : N > 0,
σpas, if ε : N < 0.
The SS1 model reduces the stiffness parallel to the crack in both active and
passive cases, which reads
σact = g(d) (λ tr(ε)1 + 2µε) ,
σpas = g(d)λ tr(ε)1 + 2g(d)µε+ (1− g(d))(λ+ 2µ) (ε : N)N .
The SS2 model only degrades the stiffness normal to the crack. Its expression
is
σact =
(
λ+ (g(d)− 1) λ
2
λ+ 2µ
)
(tr ε)1 + 2µε
+ (g(d)− 1)
(
λ+
λ2
λ+ 2µ
)
((tr ε)N + (ε : N)1)
+ 4(1− g(d))
(
λ+ 2µ− λ
2
λ+ 2µ
)
(ε : N)N + µ(g(d)− 1) (N · ε+ ε ·N) ,
σpas = λ tr(ε)1 + 2µε+ 4µ(1− g(d))(ε : N)N + µ(g(d)− 1) (N · ε+ ε ·N) .
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A comment for the SS2 model goes as follows. For a uniaxial tension load
ε22 > 0, ε11 = 0, and n = e2, where ei is the ith Cartesian coordinate axis,
when d = 1,
(σact)22 =
{
λ− λ
2
λ+ 2µ
− 2
(
λ+
λ2
λ+ 2µ
)
+ 4
(
λ+ 2µ− λ
2
λ+ 2µ
)}
ε22,
which is not positive for a certain range of λ/µ, giving rise to an unstable
material.
The SK model proposed by [10]. In this model, the split is based on the de-
composition of the stress tensor with respect to the crack orientation. For each
point, a crack coordinate system is defined with mutually orthonormal vectors
n, s, and t. The crack orientation n is obtained from the maximum principal
stress direction in this model. The expressions of the directional split are as
follows:
σ = g(d)σ+ + σ−,
σ+ = H(σnn)
[
n⊗ n+ λ
λ+ 2µ
(s⊗ s+ t⊗ t)
]
(λ1 + 2µn⊗ n) : ε
+ µ[(n⊗ s+ s⊗ n)⊗ (n⊗ s+ s⊗ n) + (t⊗ n+ n⊗ t)⊗ (t⊗ n+ n⊗ t)] : ε,
σ− =
[
H(−σnn)n⊗ n−H(σnn) λ
λ+ 2µ
(s⊗ s+ t⊗ t)
]
⊗ (λ1 + 2µn⊗ n) : ε
+ (s⊗ s)⊗ (λ1 + 2µs⊗ s) : ε+ (t⊗ t)⊗ (λ1 + 2µt⊗ t) : ε
+ µ[(s⊗ t+ t⊗ s)⊗ (t⊗ s+ s⊗ t)] : ε,
where the degradation function g(d; b) is given by
g(d; b) =
exp(bd)− (b(d− 1) + 1) exp(b)
(b− 1) exp(b) + 1 ,
where b is an extra parameter to be specified.
Remarks. All the aforementioned models except the SS models are variation-
ally consistent, while the SS models are variationally inconsistent. With the135
relaxation of variational consistency, the efficiency of the numerical calculation
may be improved. Nevertheless, non-variational models give rise to additional
complications, in that they need to introduce extra damage or failure criteria
for the evolution of d. In contrast, variationally consistent models are closely
related to Griffith’s theory and would better fit in a thermodynamic framework.140
Hence, the proposed model will also be made variationally consistent.
3. The proposed micromechanics-informed phase field model
In this section, the steps for constructing the proposed phase field model are
detailed.
8
In order to construct our model, we borrow the basic concepts from Dascalu145
et al. [14], in which the authors applied asymptotic homogenization techniques
to model the overall behavior of a damaged elastic body. The main ingredient is
a micromechanical energy analysis, performed on a finite-sized cell, which leads,
through homogenization, to a macroscopic evolution equation for the damage
variable. Here, we follow the same idea to obtain a three-dimensional phase150
field model that incorporates direction-dependent material degradation.
Essentially we model a possibly curved crack as a collection of fictitious small
flat cracks with a particular spatial distribution. More precisely, we assume that
a portion of the solid can be divided into many cube-shaped subdomains (or
square-shaped in 2D), at the center of each of which there exists a said small155
planar crack (or straight crack in 2D), similar to the configuration proposed in
[14]. The behavior of the macroscopic crack is then described by the collection
of such small cracks, see Figure 2. Here we borrow a terminology of the homog-
enization theory and call each cube-shaped subdomain a representative volume
element (RVE), and will apply standard homogenization techniques to extract160
its response subjected to mechanical loading.
Figure 2: Modeling a macroscopic crack as a collection of fictitious small
straight cracks (planar crack in 3D), each in one RVE.
In a nutshell, we will establish a one-to-one relation between the crack di-
mension in the RVE and the local phase field d. Then for any macroscopic input
strain tensor ε ∈ Rn×n (n = 2, 3) with standard homogenization technique, we
can calculate an average stress σ ∈ Rn×n, and then obtain C ∈ Rn×n×n×n, the
effective secant modulus, such that
σ(ε, d) = C(ε, d) : ε. (3)
The expression of C(ε, d) can be obtained by comparison with analytical
expressions or by numerical fitting. This way Ψ(ε, d) can also be obtained.
3.1. General idea of the homogenization approach
Consider the RVE shown in Figure 3. Let the material be isotropic elastic165
with Lame´ parameters λ and µ such that µ > 0 and λ + 2µ > 0. We denote
9
Figure 3: The boundary value problem of RVE
by B the domain occupied by the RVE, a bounded open subdomain of Rn with
a smooth boundary. Without loss of generality, let Γ ⊂ B be a micro-crack
normal to the x2-axis. In the sequel we will test three types of micro-cracks:
(i) a straight crack at the center of a 2D RVE; (ii) a penny-shaped crack at the170
center of a 3D RVE; (iii) a square-shaped crack with rounded fillets (r = 0.05L)
at the center of the 3D RVE, as shown in Figure 3. Details of the numerical
experiments on the RVE are provided in Appendix A.
The computational domain is then Bs = B \ Γ . In Bs, the equilibrium
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equation and boundary conditions are
divσ = 0, in Bs, (4a)
σ = C : ∇u, in Bs, (4b)
u = ε · x, on ∂B, (4c)
either σ · n = 0, Ju · nK > 0,
or Jσ · nK = 0,n · σ · n < 0, t · σ · n = 0, Ju · nK = 0,
}
on Γ, (4d)
where (4d) is the frictionless contact condition for Γ , n and t are the unit normal
and tangent vectors of the crack Γ , respectively. Let + and − denote the two
sides of Γ , and for any vector or tensor a, we let a± denote its value evaluated
on the ± side of Γ . Also we denote n± the unit outward normal to the ± side
of Γ . The jump operator J·K is defined such that
Ja · nK = a+ · n+ + a− · n−.
Once the solution of problem (4) is obtained, the total strain energy and the
macroscopic stress tensor is given by
σ =
1
meas(B)
∫
Bs
σ dB, (5)
which will be matched with (5) to obtain the expression of σ(ε, d) and Ψ(ε, d),
if fitting is needed. Note that meas(B) denotes the measure of B.175
By construction, this RVE behaves differently in tension and in compression,
a desired behavior. Under the above assumptions, the effective elastic response
will be orthotropic in both cases. In this work, the numerical solution to the
problem (4) is obtained with the commercial software Abaqus. More details are
given in Appendix A. For convenience, we will drop the bar of σ and ε from180
now on within Section 3.
3.2. Ansatz for the macroscopic strain energy density
From the setup of the RVE, it can be concluded that for a given d, if the signs
of the components of ε (i.e., the loading mode being tensile or compressive) are
fixed, then the secant modulus C is independent of ε. In other words, C is also
the tangent modulus. We hereby propose an ansatz for the macroscopic strain
energy density (3):
Ψ(ε, d) =
1
2
{
H(β(ε)) ε : Ct : ε︸ ︷︷ ︸
tension
+ [1−H(β(ε))] ε : Cc : ε︸ ︷︷ ︸
compression
}
=
1
2
{
H(β(ε))
(
Ct1111ε211 + Ct2222ε222 + Ct3333ε233 + 2Ct1122ε11ε22
+2Ct1133ε11ε33 + 2Ct2233ε22ε33 + 4Ct2323ε223 + 4Ct1313ε213 + 4Ct1212ε212
)
+ [1−H(β(ε))] (Cc1111ε211 + Cc2222ε222 + Cc3333ε233 + 2Cc1122ε11ε22
+2Cc1133ε22ε33 + 2Cc2233ε22ε33 + 4Cc2323ε223 + 4Cc1313ε213 + 4Cc1212ε212
)}
,
(6)
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where H is the Heaviside function, and β(ε), whose expression will be deter-
mined later, switches between the cases in which the RVE is in tension or com-
pression, under the given strain ε.185
Tensors Ct = Ct(d) and Cc = Cc(d) denote the effective tensile and compres-
sive moduli, respectively, and the sense (tensile vs. compressive) is determined
by β(ε). Here the phase field d is closely related to the crack length ratio
ra := 2a/L, where 2a is the crack length, whose definition depends on the shape
of Γ , and L is the side length of the RVE. For any d (or ra) and ε, Ctijkl and190
Ccijkl can be obtained either by inspection or by numerically analyzing the RVE.
Hence we construct Ctijkl and Ccijkl using the following ansatz
Cmijkl(d) = g(d)Pmijkl +Qmijkl, m = t, c.
Then
Ψ(ε, d) =
1
2
{
H(β(ε))
{
g(d) ε : Pt : ε+ ε : Qt : ε
}
+ [1−H(β(ε))] {g(d) ε : Pc : ε+ ε : Qc : ε}
}
.
(7)
Equations (6) and (7) then give rise to the following constitutive relations,
when the mode m = t or c is known:
σ11 = [g(d)Pm1111 +Qm1111] ε11 + [g(d)Pm1122 +Qm1122] ε22 + [g(d)Pm1133 +Qm1133] ε33,
(8a)
σ22 = [g(d)Pm1122 +Qm1122] ε11 + [g(d)Pm2222 +Qm2222] ε22 + [g(d)Pm2233 +Qm2233] ε33,
(8b)
σ33 = [g(d)Pm1133 +Qm1133] ε11 + [g(d)Pm2233 +Qm2233] ε22 + [g(d)Pm3333 +Qm3333] ε33,
(8c)
σ23 = 2 [g(d)Pm2323 +Qm2323] ε23, (8d)
σ13 = 2 [g(d)Pm1313 +Qm1313] ε13, (8e)
σ12 = 2 [g(d)Pm1212 +Qm1212] ε12. (8f)
Remark 3.1. Here we do not associate tension (or compression) with the degra-
dation function g(d), to make the model more general at the beginning.
Remark 3.2. At this point, the remaining task is to determine {Pmijkl} and
{Qmijkl}, which totals to 36 unknowns. This can be achieved in two means: (a)195
with prior knowledge, i.e., by making (7) reduce to usual expressions in the
special cases of uniaxial tension, etc., and (b) by fitting, i.e., by matching (8)
and (5). Our strategy is to first deduce as many coefficients as possible with
prior knowledge, and then resort to fitting.
Before ending this section we list one of the constraints for {Pmijkl} and
{Qmijkl}, which is that Ψ(ε, d = 0) = Ψ0(ε) for either the tensile case H(β(ε)) = 1
12
or the compressive case H(β(ε)) = 0. That is to say,
Ψ0(ε) =
1
2
{
[Pm1111 +Qm1111] ε211 + [Pm2222 +Qm2222] ε222 + [Pm3333 +Qm3333] ε233
+ 2 [Pm1122 +Qm1122] ε11ε22 + 2 [Pm1133 +Qm1133] ε11ε33 + 2 [Pm2233 +Qm2233] ε22ε33
+ 4 [Pm2323 +Qm2323] ε223 + 4 [Pm1313 +Qm1313] ε213 + 4 [Pm1212 +Qm1212] ε212
}
,
m = t, c.
(9)
Here for a linear isotropic material, Ψ0(ε) takes the following form:
Ψ0(ε) =
λ
2
(ε11 + ε22 + ε33)
2 + µ
(
ε211 + ε
2
22 + ε
2
33 + 2ε
2
23 + 2ε
2
13 + 2ε
2
12
)
. (10)
Equating (9) and (10) we get the following equations, for m = t, c,
Pm1111 +Qm1111 = Pm2222 +Qm2222 = Pm3333 +Qm3333 = λ+ 2µ, (11a)
Pm1122 +Qm1122 = Pm1133 +Qm1133 = Pm2233 +Qm2233 = λ, (11b)
Pm2323 +Qm2323 = Pm1313 +Qm1313 = Pm1212 +Qm1212 = µ. (11c)
3.3. Determining most parameters {Pmijkl} and {Qmijkl} with prior knowlegde200
In this section we will determine most of the coefficients {Pmijkl} and {Qmijkl}
by specializing the model to simple tests.
First, it is noted that the symmetry in the crack plane imply:
Pm1111 = Pm3333, Qm1111 = Qm3333, (12a)
Pm1122 = Pm2233, Qm1133 = Qm2233, (12b)
Pm1212 = Pm2323, Qm1212 = Qm2323. (12c)
i. Tensile tests. We first consider the uniaxial tension in the x2-direction, i.e.,
with macroscopic strain ε22 > 0 while the rest of strain components are
zero. In this special case, the loading is clearly tensile, i.e., m = t. Then
(8b) yields
σ22 =
[
g(d)Pt2222 +Qt2222
]
ε22.
We further assume, as consistent with existing models, that the degradation
takes full effect in this case, i.e., Qt2222 = 0, which yields Pt2222 = λ+ 2µ per
(11a).205
Next we consider the uniaxial tension loading in the x1-direction, i.e., ε11 >
0 while the other strain components are zero. This is also a tensile case,
hence (8b) gives
σ22 =
[
g(d)Pt1122 +Qt1122
]
ε11.
In accordance with numerical results (see Figure A.28) we found thatQt1122 =
0 and hence (11b) can be simplified to Pt1122 = λ. Also, referring to (12b),
we obtain Qt2233 = 0, and Pt2233 = λ.
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ii. Compressive tests. We now examine the case of the uniaxial compressive
test in the x2-direction, i.e., the only non-zero component of strain tensor
is ε22 < 0. Then
σ22 = [g(d)Pc2222 +Qc2222] ε22.
In this case, there is no degradation, i.e., Pc2222 = 0. Equation (11a) then
gives Qc2222 = λ+ 2µ.210
We then move on to the case of uniaxial compression in the x1-direction,
i.e., ε11 < 0 while other components are zero. In this case, (8a) and (8b)
simplify to
σ11 = [g(d)Pc1111 +Qc1111] ε11,
σ22 = [g(d)Pc1122 +Qc1122] ε11.
Numerical results (see Figures A.26 and A.28) confirm that there is no
degradation in this case, which yields Pc1111 = Pc1122 = 0. Then, (11a) and
(11b) lead to Qc1111 = λ + 2µ and Qc1122 = λ, respectively. Also, due to
(12a) and (12b) we obtain Pc3333 = Pc2233 = 0, thus Qc3333 = λ + 2µ and
Qc2233 = λ.215
iii. Shear test.
Consider a shear test, with ε12 6= 0, while other components are zero. By
symmetry, we can deduce
Pt1212 = Pc1212, Qt1212 = Qc1212,
Pt1313 = Pc1313, Qt1313 = Qc1313,
Pt2323 = Pc2323, Qt2323 = Qc2323.
(13)
Per (13), henceforth we will simply use P1212 and Q1212 to denote Pm1212
and Qm1212, respectively. However, in this case, it is not easy to determine
a simple analytic expression to separate Pm1212 from Qm1212, also Pm2323 from
Qm2323. In the sequel we will resort to fitting to determine these coefficients.220
Summary of results so far. Up to now we have obtained the following results
of the coefficients:
(i) Qt2222 = Qt1122 = Qt2233 = Pc1111 = Pc3333 = Pc2222 = Pc1122 = Pc2233 = 0,
(ii) Pt2222 = Qc1111 = Qc3333 = Qc2222 = λ+ 2µ,
(iii) Pt1122 = Pt2233 = Qc1122 = Qc2233 = λ,225
(iv) P2323 +Q2323 = P1313 +Q1313 = P1212 +Q1212 = µ.
Then the unknown coefficients at this point are:
Pt1111, Qt1111
(
= λ+ 2µ− Pt1111
)
, Pt1133, Qt1133
(
= λ− Pt1133
)
,
Pc1133, Qc1133 (= λ− Pc1133) ,
P1212, Q1212(= µ− P1212), P1313, Q1313(= µ− P1313).
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With the current results, (7) can be simplified as:
Ψ(ε, d) =
1
2
{H(β(ε)){
g(d)
[
Pt1111ε211 + (λ+ 2µ)ε222 + Pt1111ε233 + 2λε11ε22 + 2Pt1133ε11ε33 + 2λε22ε33
]
+ (λ+ 2µ− Pt1111)ε211 + (λ+ 2µ− Pt1111)ε233 + 2(λ− Pt1133)ε11ε33
}
+ [1−H(β(ε))]
{
g(d)Pc1133ε11ε33
+ (λ+ 2µ)
(
ε211 + ε
2
22 + ε
2
33
)
+ 2λε11ε22 + 2(λ− Pc1133)ε11ε33 + 2λε22ε33
}
+ 2g(d)
(
P1212ε223 + P1313ε213 + P1212ε212
)
+ 2(µ− P1212)
(
ε223 + ε
2
12
)
+ 2(µ− P1313)ε213.
3.4. Determining Pt1111, Pt1133, and Pc1133
According to the numerical experiments (see Figures A.26 and A.29), the
coefficient Pt1111 is determined by making
Pt1111ε211 + (λ+ 2µ) ε222 + Pt1111ε233 + 2λε11ε22 + 2Pt1133ε11ε33 + 2λε22ε33
a perfect square. This allows us to determine that
Pt1111 = Pt1133 =
λ2
λ+ 2µ
,
and that β(ε) should read
β(ε) = λε11 + (λ+ 2µ)ε22 + λε33,
which is just σ22 for the undamaged material. An alternative expression for
β(ε) is given in terms of the Poisson ratio, νε11 + (1− ν)ε22 + νε33.
It is also worth mentioning that according to numerical results, we obtain230
Pc1133 = 0, and hence Qc1133 = λ.
3.5. Determining P1212 and P1313 by fitting
It turns out that P1212 does not seem to depend on the material parameters
with a closed-form analytic expression, see Figure A.28. Hence we fit the non-
dimensional expression P1212/µ as a function of the phase field d, for various235
Poisson ratios. More precisely, we fit P1212/µ as a quadratic function of d for
d ∈ [0, 1], with the coefficients dependent on ν.
Here one constraint follows. When d = 1, ε12 6= 0, ε11 = ε22 = ε33 = 0,
we need to enforce σ12 = 0, otherwise the through-crack shear test would not
go through, see Section 4.5. Thus we need P1212 = µ when d = 1. With this
constraint, we write
P1212 = µ[a(ν)(1− d)2 + b(ν)(1− d) + 1].
The coefficients a(ν) and b(ν) obtained from least square fits are given in
Table 1. Note that for d close to 1, an analysis based on [22] may be able to
yield more accurate expression.240
Also, according to the numerical results, we obtain:
P1313 = 0, Q1313 = µ.
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Table 1: Fitted coefficients for P1212 = µ[a(ν)(1− d)2 + b(ν)(1− d) + 1]. Each
row is fitted by least squares with four data points.
ν a(ν) b(ν) Correlation coefficients
0.2 −0.0728 −0.5896 0.9999
0.25 −0.0042 −0.7022 0.9999
0.3 0.1281 −0.8783 1.0000
0.35 0.2807 −1.0886 1.0000
0.4 0.3952 −1.2633 0.9999
0.45 1.0790 −1.9825 0.9994
3.6. Summary of the proposed phase field model
In summary, the strain energy density Ψ is given as follows:
Ψ(ε, d) = H(β(ε))Ψt +
(
1−H(β(ε)))Ψc + Ψs. (14)
We then provide the expressions of relevant quantities in different variables.
The model expressed with the x2-axis normal to the crack Γ . In this case,
β(ε) = λε11 + (λ+ 2µ) ε22 + λε33,
Ψt :=
1
2(λ+ 2µ)
[
g (d) (λε11 + (λ+ 2µ)ε22 + λε33)
2
+ 4µ(λ+ µ)
(
ε211 + ε
2
33
)
+ 4λµε11ε33
]
,
Ψc :=
1
2
[
λ (ε11 + ε22 + ε33)
2
+ 2µ
(
ε211 + ε
2
22 + ε
2
33
)]
,
Ψs := gs(d; ν)2µ
(
ε223 + ε
2
12
)
+ 2µε213,
(15)
where
gs(d; ν) = 1 + [g(d)− 1]
(
a(ν)(1− d)2 + b(ν)(1− d) + 1)
is named the shear degradation function.
The model expressed in terms of invariants and pseudo-invariants of the strain
tensor. To obtain an expression suitable for any crack orientation, we define
two invariants
I1 = tr ε = ε11 + ε22 + ε33,
I2 =
1
2
[
(tr ε)
2 − tr (ε2)] = ε11ε22 + ε11ε33 + ε22ε33 − ε223 − ε213 − ε212,
and two pseudo-invariants
I4 = n · εn, I5 = n · ε2n,
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where
n :=
∇d
‖∇d‖ .
Now we can express the terms of (14) in terms of these invariants and pseudo-
invariants as:
β(ε) := λI1 + 2µI4,
Ψt :=
1
2(λ+ 2µ)
[
g(d) (λI1 + 2µI4)
2
+ 4µ(λ+ µ)
(
I21 + I
2
4 − 2I2 − 2I5
)
+ 4λµ (I2 − I1I4 + I5)
]
,
Ψc :=
1
2
[
λI21 + 2µ
(
I21 + 2I
2
4 − 2I2 − 2I5
)]
,
Ψs := gs(d; ν)2µ
(
I5 − I24
)
.
(16)
The derivation is given in Appendix B.
With the above development, in any coordinate system, i.e., not necessarily
related to the crack orientation, the constitutive relation can be obtained as, in
Voigt’s notation,
σ(ε, d) =
∂Ψ
∂ε
=
∂Ψ
∂I1

1
1
1
0
0
0

+
∂Ψ
∂I2

ε22 + ε33
ε11 + ε33
ε11 + ε22
−ε23
−ε13
−ε12

+
∂Ψ
∂I4

n21
n22
n23
n2n3
n1n3
n1n2

+
∂Ψ
∂I5

2ε11n
2
1 + 2ε12n1n2 + 2ε13n1n3
2ε21n1n2 + 2ε22n
2
2 + 2ε23n2n3
2ε31n1n3 + 2ε32n2n3 + 2ε33n
2
3
ε31n1n2 + ε32n
2
2 + ε33n2n3 + ε21n1n3 + ε22n2n3 + ε23n
2
3
ε31n
2
1 + ε32n1n2 + ε33n1n3 + ε11n1n3 + ε12n2n3 + ε13n
2
3
ε21n
2
1 + ε22n1n2 + ε23n1n3 + ε11n1n2 + ε12n
2
2 + ε13n2n3

.
The corresponding moduli can be written as
C(ε, d) =
∂2Ψ
∂I21

1
1
1
0
0
0


1
1
1
0
0
0

T
+
∂Ψ
∂I2

0 1 1 0 0 0
1 0 1 0 0 0
1 1 0 0 0 0
0 0 0 − 12 0 0
0 0 0 0 − 12 0
0 0 0 0 0 − 12
+
∂2Ψ
∂I24

n21
n22
n23
n2n3
n1n3
n1n2


n21
n22
n23
n2n3
n1n3
n1n2

T
+
∂Ψ
∂I5

2n21 0 0 0 n1n3 n1n2
0 2n22 0 n2n3 0 n1n2
0 0 2n23 n2n3 n1n3 0
0 n2n3 n2n3
n23+n
2
2
2
n1n2
2
n1n3
2
n1n3 0 n1n3
n1n2
2
n21+n
2
3
2
n2n3
2
n1n2 n1n2 0
n1n3
2
n2n3
2
n21+n
2
2
2

.
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As now Ψ depends on ∇d, the strong form for d is modified to be
∂Ψ
∂d
−∇ · ∂Ψ
∂(∇d) + gc
(
d
`
− `∆d
)
= 0 in Ω,
where
∇ · ∂Ψ
∂(∇d) = H(β(ε))
(
∂Ψt
∂I4
∇ · ∂I4
∂(∇d) +
∂Ψt
∂I5
∇ · ∂I5
∂(∇d)
)
+
∂Ψs
∂I4
∇ · ∂I4
∂(∇d) +
∂Ψs
∂I5
∇ · ∂I5
∂(∇d) ,
where the partial derivatives can be obtained via
∂I4
∂n
= 2εn,
∂I5
∂n
= 2ε2n,
and
∂n
∂(∇d) =
1
‖∇d‖1−
1
‖∇d‖3∇d⊗∇d.
Finally, in order to regularize the abrupt change of the crack normal where
∇d is near zero, we introduce a replacement of I4 and I5 in the constitutive
expressions in the form of
Iˆ4,5 = tanh
(
αl2|∇d|2) I4,5,
where α is a small positive number. Here we take α = 5.66× 10−4.245
4. Numerical examples
In this section, the proposed micromechanics-informed phase field model is
compared with a few existing models using several numerical examples. These
examples are categorized into two types. Sections 4.1 through 4.6 solve prob-
lems in the macroscopic scale, including a uniaxial tension test, a compression250
test, a shear test, a symmetric bending test, and two through-crack tests. In
these examples the proposed model is compared against earlier models, i.e.,
the isotropic, V-D, and spectral models. These results show that the proposed
model gives reasonable crack paths in all cases. Sections 4.7 and 4.8 compare
the constitutive response for a fixed phase field value among a number of mod-255
els. In these examples, the proposed model is compared with the SK model and
the SS models, as well as the earlier models. We will see that only the proposed
model show a very close response to the benchmark, by construction.
In the sequel, the marker Isotropic refers to the original model proposed
by [3], V-D the volumetric-deviatoric decomposition model proposed by [4],260
Spectral the spectral decomposition model proposed by [5], SK the model
proposed by [10], and SS1 and SS2 the two models proposed by [8]. Finally,
Proposed refers to the proposed micromechanics-informed phase field model.
Here we use an in-house code for the macroscopic simulations, while for
getting the benchmark solution with the RVE analysis in Sections 4.7 and 4.8,265
the software Abaqus is adopted.
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4.1. Uniaxial tension test
The first example is a benchmark simulation of a uniaxial tension test. Con-
sider a square plate with a horizontal initial crack located at the middle height
from the left side to the center of the specimen.270
The material constants are chosen as in Table 2.
Table 2: Material parameters used in the tension and compression simulations
λ (GPa) µ (GPa) gc (mJ/mm
2) l (mm)
121.15 80.77 2.7 40
The boundary value problem and the mesh are illustrated in Figure 4. The
domain is Ω = [0, 1000]2 and the pre-existing crack is Γ = (0, 500)×{500}. We
set d = 1 at Γ , leave the left and right edges traction free, and minimize (1) with
uD ≡ uDe2 on the top edge [0, 1000]×{1000} and uD = −uDe2 on the bottom275
edge [0, 1000] × {0}. For each load step we update the boundary condition as
uD ← uD + ∆u, where the displacement increment ∆u is set to 0.01mm, until
when uD = 0.07mm, after which the increment is reduced to ∆u = 0.0005mm.
The simulation is then run until the sample is totally broken.
Figure 4: Schematic and mesh of the uniaxial tension test [unit: mm].
Figure 5 compares the phase field profiles among different models at a certain280
displacement load. This load is prior to the one corresponding to the rapid
propagation of the crack. From Figure 5 it can be concluded that the crack
starts to propagate almost at the same displacement load. In addition, the
results of the isotropic, V-D, and spectral models are almost the same, while
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the crack in the proposed model propagates a little bit faster. Next, in Figure285
6, the results of the V-D model and the proposed model are compared.
Figure 5: Phase field profiles obtained from the uniaxial tension test at uD =
0.080mm.
Figure 6: Phase field profiles of the uniaxial tension test from the V-D [(a)-(d)]
and proposed [(e)-(h)] models at various load levels.
After increasing the displacement continuously, it can be found that the
crack in the V-D model propagate faster, while the crack in the proposed model
propagates slower, and finally both of them will be totally broken when the
displacement reaches uD = 0.0825mm.290
The force-displacement curves of the three models are shown in the Figure
7. Overall speaking, the compared models behavior very similarly for a uniaxial
tension load.
4.2. Uniaxial compression test
The second example is a simulation to show the behaviors of the models295
under uniaxial compression. The material constants are given in Table 2.
20
Figure 7: Force-displacement curves of the uniaxial tension test resulting from
the V-D, spectral and proposed phase field models.
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The mesh given in Figure 4(b) is used. The only difference is that the dis-
placement condition is opposite. As mentioned previously, the isotropic model
is not expected to distinguish between tension and compression while the others
are.300
The the phase field profiles resulting from different models at uD = 0.08mm
are shown in the Figure 8. From Figure 8, it can be seen that when the displace-
ment increases, the crack in the isotropic model will propagate, as is expected
from the setup of this model. On the other hand, although the crack in the V-D
model does not propagate, the phase field value increases in some area. This is305
because in a uniaxial loading, the deviatoric part of the strain is not zero. In
contrast, in the spectral and proposed models, the phase field value does not
increase all over the domain.
Figure 8: Phase field profiles obtained from the uniaxial compression test at
uD = 0.08mm.
The force-displacement curves are plotted in Figure 9. The isotropic model
shows the least stiffness, and the (unphysical) fully broken state in which the310
force decreases to 0 can be clearly observed. The spectral and proposed models
display almost the same stiffness, while the V-D model is less stiff, indicat-
ing that some part of the solid is degraded, in accordance with the observable
phase field profile in Figure 8(b), which shows a slight damage. Again, this is
attributed to the non-zero deviatoric strain under a uniaxial compression load.315
The deformed configurations at uD = 0.08mm of three of the models with
the displacement field magnified are shown in Figure 10. It can be seen that the
deformed mesh of the V-D model seems anomalous, agreeing with the anoma-
lous behaviors compared with the other two models. On the contrary, the
deformed meshes of the spectral and proposed models show a mirror symmetry320
with respect to the line x1 = 500, as if the crack does not exist. Based on the
above results, we can conclude that within the load range, only the spectral and
proposed models perform reasonably in the uniaxial compression test.
4.3. Three-point bending test
This test is a classical benchmark problem which has been analyzed in, for325
example, [5]. The material constants of this test are shown in Table 3, which
are the same as those used in [5].
The geometry, loads, and the mesh are illustrated in Figure 11. The domain
Ω is the shaded part, which is contained in the box (0, 8)× (0, 2). We minimize
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Figure 9: Force-displacement curves of the uniaxial compression test resulting
from different models.
Figure 10: Deformed mesh (with the displacement field 1000 times magnified)
of the uniaxial compression test at uD = 0.08mm.
Table 3: Material parameters used in the three-point bending simulations
λ(GPa) µ(GPa) gc(mJ/mm
2) l(mm)
8 12 0.5 0.06
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(1) with uD = −uDe2 on the central of top edge [3.7, 4.3] × {2}, where uD ←330
uD+∆u. The displacement increment ∆u is set to 0.01mm when uD ∈ [0, 0.04)∪
[0.05, 0.12]mm. In order to closely track the crack propagation, the increment
is reduced to ∆u = 0.002mm when uD ∈ [0.04, 0.05)mm. The effective mesh
size is also adopted as in [5].
Figure 11: Configuration and mesh of the three-point bending [unit: mm]
We show the crack evolution for the V-D, spectral and proposed models in335
Figures 12 and 13. Figure 12(a)(e)(i) show the phase field profiles from different
models at the beginning of crack propagation and we observe some initial phase
field at equilibrium around the notch. Figure 12[(a)-(d)] and Figure 13[(a)-(d)]
illustrate the phase field profiles of the bending tests resulting from the V-D
model. It can be observed that the phase field of the element around the point340
where the displacement is applied (the compression area) will increase. This is
due to the non-zero deviatoric strain in a uniaxial compression state, and this
was also reported in [23]. On the other hand, Figures 12 and 13 show the phase
field results from the spectral model and the proposed model, respectively, both
of which are reasonable. And from Figure 13, we can see that when uD = 0.12345
mm, the plate is almost fully broken for both cases.
Figure 14 shows the force-displacement curves resulting from the simulations
for the V-D, spectral, and proposed models. The results conform to what we
observed in the phase field profiles.
It can be concluded that only the spectral and proposed models give accept-350
able results for the three-point bending test.
4.4. Shear test
Now we investigate a square plate of a different size for a shear test. The
material constants are chosen as shown in Table 4.
Table 4: Material parameters used in the shear simulations
λ(GPa) µ(GPa) gc(mJ/mm
2) l(mm)
121.15 80.77 2.7 3.125
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Figure 12: Phase field profiles of the three-point bending test from the V-D
[(a)-(d)], spectral [(e)-(h)], and proposed models[(i)-(l)] for uD in the range of
[0.042, 0.048].
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Figure 13: Phase field profiles of the three-point bending test from the V-D
[(a)-(d)], spectral [(e)-(h)] and proposed models [(i)-(l)] for uD in the range of
[0.06, 0.12].
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Figure 14: Force-displacement curves of the three-point bending test for three
models.
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The boundary value problem and the mesh are illustrated in Figure 15. The355
domain has a pre-existing crack Γ = (0, 50) × {50}, and Ω = [0, 100]2 \ Γ , as
shown in Figure 15(a). We minimize (1) with uD ≡ uDe1 on the top edge
[0, 100]×{100}, uD ≡ −uDe1 on the bottom edge [0, 100]×{0}, uD ← uD+∆u
and the left and right edges and Γ traction free. The displacement increment
∆u is set to 0.01mm when uD ∈ [0, 0.05) ∪ [0.06, 0.1]mm. In order to closely360
follow the crack propagation, the increment is reduced to ∆u = 0.001mm when
uD ∈ [0.05, 0.06)mm.
Figure 15: Configuration and mesh of the shear test [unit: mm].
The crack propagation paths predicted by different models are quite different
in this test. In this case, we will only compare the results between V-D, the
spectral and the proposed models since the isotropic model does not distinguish365
between tension and compression, resulting in unphysical branching crack paths,
which has been reported by Ziaei-Rad and Shen [23].
Figure 16 shows the phase field profiles of the shear test from V-D, the
spectral and proposed model for uD ∈ [0.050, 0.055]mm. It is shown that the
crack pattern in V-D model only has a small angle between horizontal line, while370
the crack patterns in the spectral and the proposed model are more similar and
have a much larger angle. Also, the crack in V-D model run through the material
at uD = 0.055mm. The result is similar to that of [23]. It can also be seen that
the displacement load in the spectral model necessary for crack propagation
is much larger than the counterpart in the V-D model, which means a stiffer375
material response by the spectral model. [24] also reported this phenomenon.
Figure 17 shows the subsequent crack propagation of the spectral and proposed
models.
The red lines in Figure 17(d)(h) show the initial crack paths given by the
classical mixed-mode loading result from the maximum circumferential stress
28
Figure 16: Phase field profiles of the shear test from the V-D [(a)-(d)], spectral
[(e)-(h)] and proposed [(i)-(l)] models till uD = 0.055mm.
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Figure 17: Phase field profiles of the shear test from the spectral [(a)-(d)] and
proposed [(e)-(h)] models till uD = 0.10mm. The red lines in (d) and (h) show
the initial crack deflection angle predicted from classical linear elastic fracture
mechanics. See the text for more details.
Figure 18: Force-displacement curves of the shear test resulting from different
models.
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criterion [25], which gives the crack extension direction according to
θc = 2 arctan
14
 KI
KII
±
√(
KI
KII
)2
+ 8
 ,
where θc is the deviation angle from the extension line of the current crack. For
this case the stress intensity factorsKI = 0, KII > 0, hence θc = 2 arctan(
√
8/4) ≈380
73◦.
Figure 18 shows the force-displacement curves for the shear test. Again, in
this test, the V-D model differs from the spectral and proposed models.
4.5. Through-crack shear test
One of the criticisms [see [9]] that the spectral model [5] receives is its inabil-385
ity to output a reasonable result in the through-crack shear test. Hence here we
will subject the proposed model and other models to this test. Consider a square
plate with a horizontal through crack which is placed at the middle height of
the specimen, then a shear load is applied at the top and bottom of the plate.
As the crack is through, the domain is actually made of two independent parts390
with a smooth interface. Hence the correct response is that the two parts slide
relative to each other. Note that our model is designed to perform reasonably
by construction, see Section 3.5.
The material constants for the simulations are provided in Table 5. The
configuration and mesh are shown in Figure 19. The domain is Ω = [0, 100]2,395
and the pre-existing crack Γ = [0, 100]× {50} is described by setting the phase
field d = 1 on Γ . We minimize (1) with uD = uDe1 on the top edge [0, 100]×
{100}, uD = −uDe1 on the bottom edge [0, 100] × {0} where uD = 0.01mm,
and the remaining portions of ∂Ω traction free.
Table 5: Material parameters used in the through-crack shear simulations.
λ(GPa) µ (GPa) gc(mJ/mm
2) l(mm)
121.15 80.77 2.7 3.125
Figure 20 shows the deformed configuration of the V-D, spectral, and pro-400
posed models, with the displacement field magnified. The results from the V-D
and spectral models are consistent to those in [9]. In contrast, the spectral
model shows an erroneous response, which can be seen by setting ε11 = ε22 = 0
and d = 1, which still yields a non-zero σ12, resulting in some remnant stiffness.
It can be concluded that only the V-D and the proposed models give reasonable405
result for the through-crack shear test among the three compared.
4.6. Through-crack test with a circular load path
In order to make sure the result of the through-crack test is valid for different
load combinations, we will subject the proposed model and other models to the
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Figure 19: Configuration and mesh for the two through-crack tests [unit: mm].
Figure 20: Deformed mesh (with the displacement field 1000 times magnified)
of the through-crack shear test for different models.
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following test. Using the configuration and mesh shown in Figure 19, we fix the
bottom of the sample, leave the left and right sides traction free, and impose
the following Dirichlet boundary condition on the top edge:
uD = ∆u sin θ e1 + ∆u(1 + cos θ) e2, θ ∈ {0, pi/4, pi/2, 3pi/4, pi}, (17)
where ∆u = 0.01mm.
Figure 21 illustrates the deformed configuration (with the displacement field
magnified) of the proposed models for different θ’s. The results of the V-D410
model are very similar, and are omitted for the sake of brevity.
Figure 21: Deformed configurations for the proposed model (with the displace-
ment field 1000 times magnified) of the through-crack test with a circular load
path (17).
4.7. Constitutive response: 2D shear test
In order to compare the proposed model with models involving the local
crack orientation, i.e., the SS1, SS2, and SK models, we perform a shear test
for a single RVE with the shear load. The configuration and mesh are shown in415
Figure 22. The material parameters are shown in Table 6.
The RVE domain is B = [0, 100]2. Besides the response of the compared
models, we also provide the RVE analysis result from Abaqus for reference. Note
that the Abaqus result is based on a calculation with a much finer resolution
and which exactly takes into account the self-contact condition due to the crack,420
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Figure 22: Configuration and mesh of the RVE used for the 2D shear test.
Table 6: Material parameters used in the 2D and 3D constitutive response of
shear tests
λ (GPa) µ (GPa) ra
1.1538 0.76923 0.4
see Appendix A, while the response from the phase field models are obtained
just by a simple function evaluation.
In the shear test, the macroscopic strain is ε = ε12(e1⊗ e2 + e2⊗ e1) where
ε12 ∈ [0, 1.666× 10−6].
To interpret the results to come, it is helpful to see the simplified expressions
of the models under this loading. The isotropic, V-D, SS1, and SS2 models are
simplified to
σ12 = g(d) 2µε12.
The spectral model is simplified to
σ12 = [g(d) + 1]µε12.
The SK model is simplified to
σ12 = g(d; b) 2µε12.
The proposed model is simplified to
σ12 = gs(d; ν) 2µε12.
In Figure 23 we show the curves of σ12/(2µε12) vs. d, illustrating the effective425
shear degradation. Two observations can be made. First, the proposed model is
the closest to the benchmark, which is no surprise, as the coefficients in gs(d; ν)
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are obtained by fitting the benchmark solution. Second, it is clear that σ12 of
the spectral model does not degrade to 0 when d = 1, which explains why the
spectral model cannot pass the through crack shear test, see Figure 20(b).430
Figure 23: Effective degradation curves σ12/(2µε12) vs. d for the 2D shear test.
Abaqus indicates the response of the more costly benchmark solution obtained
with Abaqus.
4.8. Constitutive response: 3D combined shear and compression test
In the last group of tests, a 3D combined shear and compression load is
applied. The configuration and mesh are shown in Figure 24. The macroscopic
strain is ε = ε12(e1 ⊗ e2 + e2 ⊗ e1) + ε33e3 ⊗ e3 where ε12 ∈ [0, 1.666× 10−6],
ε33 = −1× 10−6.435
The RVE domain is B = [0, 100]3, and the material parameters are given
in Table 6. The same as Section 4.7, the Abaqus result takes into account the
self-contact condition due to the crack, while the response from the phase field
models are obtained just by a simple function evaluation.
The effective degradation curves σ12/(2µε12) vs. d are shown in Figure 25.440
The proposed model is still the closest to the benchmark Abaqus in this case
with mixed three dimensional loads, again, by construction.
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Figure 24: Configuration and mesh of the RVE used for the 3D combined
shear and compression test.
Figure 25: Effective degradation curves σ12/(2µε12) vs. d for the 3D combined
shear and compression test. Abaqus indicates the response of the more costly
benchmark solution obtained with Abaqus.
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5. Conclusions
We have proposed a micromechanics-informed phase field model whose macro-
scopic constitutive relationship is fully determined by the fictitious microstruc-445
ture. This model possesses the following features:
1. The proposed model is based on three shapes of micro-cracks in the RVE.
Yet the results from these shapes coincide, once the phase fields are prop-
erly calibrated.
2. The proposed model is the only one that outputs an accurate stiffness450
response and crack path among the models compared.
3. The model can be expressed in terms of invariants and pseudo-invariants
of the strain tensor, and hence easy to be applied to an arbitrary crack
orientation.
4. The methodology involved in developing the present model can be general-455
ized to more complicated material constitutive relations, such as anisotropy
or inelasticty, to be combined with the phase field description of fracture.
Appendix A. Details of the numerical experiments on the RVE
In this appendix, details of the numerical solution of (4) are provided. This
is based on Abaqus/CAE 6.14-2.460
Configuration. We test three types of RVEs: (i) 2D plane strain RVE with
a straight crack at the center; (ii) 3D RVE with a penny-shaped crack at the
center; (iii) 3D RVE with a square-shaped crack with rounded fillets (r = 0.05L)
at the center. The crack is always perpendicular to the x2-axis.
Mesh. We use a uniform triangular mesh for the plane strain case for which465
the element type is CPS3 (continuum, plane strain, 3-nodes). And we use a
uniform tetrahedral mesh for the 3D cases for which the element type is C3D4
(continuum, 3 dimensional, 4-nodes).
Contact condition. For the frictionless contact conditions, within the contact
option Tangential Behavior, we set the Friction Coeff to be 0. This inter-470
action condition is applied to the two sides of the crack Γ in RVE.
Macroscopic stress. The macroscopic stress on the RVE is taken as the volu-
metric average:
σ =
1
|B|
∫
Bs
σdV.
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One-to-one relation of the phase field d and the crack length ratio ra. We corre-
late the phase field d with the crack length ratio ra by calibrating the response
of the RVE with uniaxial tensile loads. More precisely, we apply a series of
uniaxial tensile loading along the x2-direction, in which case it is assumed that
the degradation function g(d) = (1 − d)2 is applied to the entire strain energy
density of the unbroken material, i.e.,
Ψ(ε, d) = (1− d)2Ψ0(ε).
Substituting ε11 = ε33 = 0 into (8b) yields
1
2
g(d) (λ+ 2µ) ε222 =
1
2
Ct2222ε222, ∀εy > 0. (A.1)
With (A.1), the phase field d can then be calculated as
d = 1−
√
Ct2222
λ+ 2µ
,
where Ct2222 can be looked up from Figure A.27.
The phase field d and crack length ratio ra at λ = 1.1538 GPa and µ = 0.7692
GPa (material parameters used by [26]) is given in Table A.7.
Table A.7: Phase field d at different crack length ratios ra.
ra d (plane strain) d (penny-shaped) d (square-shaped)
0 0 0 0
0.2 0.0320 0.0021 0.0026
0.4 0.1242 0.0196 0.0263
0.6 0.2472 0.0687 0.0917
0.8 0.3899 0.1566 0.2064
Effective secant moduli. With both macroscopic strain and stress known, the
effective secant moduli can be calculated using the following relationship:
σij = Cijklεkl.
The numerical results of the effective secant moduli are verified to be inde-475
pendent of ε for a given d and given signs of β(ε). The values are shown in
Figures A.26, A.27, A.28, A.29, and A.30.
Appendix B. Deriving the model in terms of invariants
The key step in the derivation is to express the strain components in terms
of the (pseudo-)invariants. We first choose a very special coordinate system
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Figure A.26: Effective modulus Ct1111 vs. d.
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Figure A.27: Effective modulus Ct2222 vs. d.
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Figure A.28: Effective modulus Ct1122 vs. d.
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Figure A.29: Effective modulus Ct1133 vs. d.
such that the x2-axis is normal to the crack Γ , and that ε13 = 0. In this special
case, it is easy to deduce that
ε22 = I4, ε
2
12 + ε
2
23 = I5 − I24 , ε11 + ε33 = I1 − I4, ε11ε33 = I2 + I5 − I1I4.
Applying these expressions in (15) yields (16).
As a sanity check, we now still take the x2-axis normal to Γ , and ε to have480
all zero components except ε13 = ε31. Then I1 = I4 = I5 = 0, and I2 = −ε213.
It can be shown that Ψt = Ψc = 2µε
2
13 while Ψs = 0, giving rise to the expected
expression, Ψ = 2µε213.
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